We study the Effective Field Theory of three QCD-like theories, which can be classified by having quarks in a complex, real or pseudo-real representations of the gauge group. The Lagrangians are written in a very similar way so that the calculations can be done using techniques from Chiral Perturbation Theory (ChPT). We calculated the vacuum-expectation-value, the mass and the decay constant of pseudo-Goldstone Bosons up to next-to-next-to leading order (NNLO) [1] . The various channels of general n flavour meson-meson scattering of the three theories are systematically studied and calculated up to NNLO [2] . We also calculated the vector, axial-vector, scalar, pseudoscalar two-point functions and pseudo-scalar decay constant up NNLO order [3] . The analytic expressions of the S parameter for the three different QCD-like theories are obtained at TeV scale. Our results are useful for chiral extrapolation in lattice calculation on theory of strong dynamical and finite baryon density.
Introduction
Strong dynamical electroweak symmetry breaking (EWSB) is one important candidate theory for beyond Standard Model (SM). Although the SM-like Higgs Boson is discovered at LHC [4, 5] , it is still possible that it is composite, which arises from the pseudo-Goldstone Boson modes of new strong interaction at TeV scale, e.g., the Technicolor theory [6, 7] and other composite Higgs theories [8] .
However, it is very difficult to use perturbative method in the strong interaction region. Lattice simulation is probably the most promising way for this problem. For computing the quantities in Technicolor theory, one has to push the calculation to the chiral limit, 1 Speaker i.e., the massless quark limit, this is very time consuming and expensive [9] . Therefore one can extrapolate the numerical data to the chiral limit using the analytic results from ChPT , which is called Chiral extrapolation.
In this proceeding, we introduce the series of works on Effective Field Theory of three QCD-like theories, which are distinguished by having the (techni-)quarks live in a complex, real or pseudo-real representation of the gauge group. For n flavours of identical quarks, this corresponds to the symmetry breaking pattern of S U(n) L × S U(n) R → S U(n) V , S U(2n) → S O(2n) and S U(2n) → S p(2n) respectively. These theories can be used to characterize some Technicolor models with vector-like gauge bosons. tice simulation. The real and pseudo-real case allow to investigate the mechanism of diquark condensate without this problem [10] .
Quark level Theory

Quark living in a complex representation
In QCD, quarks live in the fundamental, a complex, representation. For general n flavours of quarks, the Lagrangian with external sources can be written as
where q L and q R are column vectors and the external fields l µ , r µ and M = s − ip are matrices in flavour. The covariant derivative is given by
When the external field vanish, this Lagrangian has S U(n) L × S U(n) R global flavour symmetry, which will be broken to S U(n) V spontaneously by the nonzero vacuum condensate= q L q R +q R q L 0. When the small quark mass term is present in the Lagrangian, the flavour symmetry S U(n) L × S U(n) R will be broken to S U(n) V explicitly, the Goldstone Boson (GB) gain mass and they become the pseudo-Goldstone Boson (PGB).
Quarks living in a
Real or pseudo-real representation Quarks can also live in real or pseudo-real representation in color space, their Lagrangian can be written as the following for two different cases.
• Quark live in real representation, e.g., adjoint representation.
tr c (A) means a trace over the gauge group indices and the quarks are matrices rather than vectors in the gauge group indices.
• Quark live in pseudo-real representation, e.g., twocolor QCD.
which has the same form of Lagrangian as QCD.
One of the common features for those two theories is that they can have color singlet diquark and antidiquark, which are the lightest baryons. Using the following transformation, the left hand quark can be transfer to right hand anti-quark.
where the charge conjugate operator is C = iγ 2 γ 0 , α, β are color indices, and = iσ 2 . The q R andq R now transfer in the same way under chiral symmetry, so they can be placed in a same column vector
Therefore the Lagrangian (2) and (3) can be rewritten as the following,
• real representation
The external sources are now 2n × 2n matrices,
where the '+' sign for real, the '-' sign for pseudo-real representation, respectively. When the external fields vanish, the Lagrangian (7) and (8) 
In the real case, the vacuum condensate tr c (qq) = tr c q T CJ Sq + h.c. 0 will spontaneously break S U(2n) to S O(2n), while in the pseudo-real case, the vacuum condensate is tr c (qq) = q α αβ CJ Aqβ +h.c. 0, which breaks S U(2n) to S p(2n) spontaneously. The J S and J A are symmetric and anti-symmetric 2n × 2n matrices:
where I is the n × n unit matrix.
Effective Field Theory
Goldstone Boson
The Goldstone bosons (GB) live in the coset of broken symmetry G/H. In terms of the pion fields φ a , the nonlinearized matrix u can be parametrized as
where F 0 is the bare decay constant of GB, T a is the generator of broken symmetry and normalized as tr F T a T b = δ ab . The broken symmetry and number of GB N g for the three theories are summarized as the following,
• Complex representation:
• Real representation:
• Pseudo-real representation:
The LO and NLO Lagrangian
Using the method of CCWZ [11] , all EFT of the three QCD-like theories can be written in a very similar way, which is the form of Chiral Perturbation Theory (ChPT). In the expansion of momentum, the leading order O(p 2 ) EFT Lagrangian is thus
The NLO Lagrangian is [12] 
For the complex case, which is same as QCD, the objects appear in the Lagrangian are
l µν and r µν are the field strengths from l µ and r µ , χ include the mass matrix M via χ = 2B 0 M. For real and pseudo-real case, the objects appear in the Lagrangian are
where J denotes the J S and J A in real and pseudo-real case, respectively.V µν are the field strength of external fields, andχ = 2B 0M [1] . The form of NNLO Lagrangian for those three theories are also same as the ChPT case [13, 14] , which has 112+3 term.
One has to remember there are differences in different QCD-like theories, e.g., the generators, external sources, coupling constants, etc..
The Renormalization
When going to loop calculations, renormalization becomes necessary. A thorough discussion of renormalization in ChPT at NNLO can be found in [14, 15] . For simplicity, the one loop divergences from L 2 are absorbed by the bare coupling constant of L 4 , the two loop divergences from L 2 and the one loop divergences from L 4 are absorbed by the bare coupling constant of L 6 . The divergence structure of NLO low energy constants (LECs) are
with Λ = 1/[16π 2 (d − 4)] and ln c = −[ln 4π + Γ (1) + 1]/2. The constants Γ i are different for the three different theories. The complex case were calculated in [16] . The pseudo-real case also been obtained in [17] , which are slightly different from our results. The real case are obtained in [1] , where the typos are corrected in the table 1 of [3] .
The form of divergence structure of NNLO LECs K i is the same for three theories,
The coefficients Γ are only known for complex case [14] . We can still make sure the two loop calculation are correct by several methods, e.g., to check the cancellation of non-local divergences. Figure 1 : The 1PI diagrams up to order p 6 . The wiggly lines indicate external sources, a solid line is a meson propagator, a wiggly line is an external source, a dot is a vertex of p 2 , a crossed circle is a vertex of p 4 and a crossed box is a vertex of p 6 .
The Calculation
The mass can be obtained by finding the poles of the propagator, and the decay constant can be calculated by computing the one-meson matrix element of the axial current. The 1PI diagrams up to NNLO are shown in Fig.1 .
We express the formula of these quantities in terms of the physical masses and decay constants
where O stands for, M and F. The O LO only con- 
General meson-meson Scattering
The general amplitude for meson-meson scattering
The Mandelstam variables s, t, u are defined by
According to different flavour structure of the scattering, the full amplitude can be written in terms of two invariant amplitudes B(s, t, u) and C(s, t, u).
The meson-meson scattering can be decomposed into many different scattering channels. In the language of group theory, this means that the direct product of two adjoint representations can be decomposed as direct sum of irreducible representations. For the S U(n) or complex case, the decomposition can be written as
where the subscript and superscript S and A denote 'symmetric' and 'anti-symmetric' for upper or lower indices, respectively. So there are 7 scattering channels for general S U(n) case. This can be obtained Young tableaux or tensor method. In the case of S O(2n) and S p(2n), the adjoint representation that contains mesons are symmetric or anti-symmetric, respectively. In both cases, there are 6 different channels
where FS , FA stands for 'full symmetric' or 'antisymmetric' indices, MA, MS stands for 'mixed symmetric' or 'anti-symmetric' indices, respectively. Once the form of the representation is determined, the amplitude T r for different channels can be extracted from the general amplitude in two equivalent methods. The first is to pick a state R r in a representation r and get it via
The second is to apply the projection operators P r on the full amplitude M(s, t, u) with
In the complex case, the amplitudes for each channel are
Complex :
For real case, the amplitudes for six channels are
Real :
For pseudo-real case, the amplitudes are very similar to the real case, Pseudo − real :
T MA = C(t, u, s) − C(u, s, t) .
T MS = B(u, s, t) + C(t, u, s) + C(u, s, t) .
They satisfy the relation
The scattering amplitude for each channel I can be projected out using the partial wave expansion
Near the threshold s = 4, we can expand the amplitude above the threshold using s = 4(1 + q 2 /M 2 π ) in the small three-momentum q.
where a I is the scattering length, and b I is the slope. The expressions of the lowest partial wave scattering length for each channel in all three cases can be found in the appendix of [2] .
Two point green function and S-parameter
The definitions of the two-point functions are
where V a µ , A a µ , S a and P a are vector, axial-vector, scalar and pseudo-scalar currents, respectively. Using Lorentz invariance the two-point functions with vectors and axial-vectors can be decomposed in scalar functions
(1)
where Π
Va (q 2 ) is the transverse part and Π
Va (q 2 ) is the longitudinal part or alternatively the spin 1 and spin 0 part. The same definition holds for the axial-vector twopoint functions.
For a beyond the Standard Model with strong dynamics at the TeV scale, there will in general be many resonances and other non-perturbative effects. At low momenta one can use the EFT as described above for these cases. We can estimate the Peskin-Takeuchi S , T, U parameter [18] contribution from pseudo-Goldstone Boson sector within the EFT. The parameter T and U vanish because of the exact flavour symmetry, i.e. we work in the equal mass case. The S parameter can be written as [18] 
Π VV (0) and Π AA (0) are the derivatives of the vector and axial-vector two-point functions at q 2 = 0. The full results can be found in [3] , some plots for the purpose of illustration are also shown therein.
Conclusion
In this series of works, we have completed a comprehensive study of the Effective Field Theory of three QCD-like theories, which can be classified by having (techni-)quarks in complex, real or pseudo-real representations of the gauge group. They are corresponding to the spontaneously breaking of flavour symmetry, S U(n) L × S U(n) R → S U(n) V , S U(2n) → S O(2n) and S U(2n) → S p(2n), respectively.
Firstly, we constructed the effective theories for the three different cases in an extremely similar way, obtain all the details of power counting and ready for high order calculation. Then we calculated the vacuum condensate, mass and decay constant of meson up to NNLO using the method of Chiral perturbation theory [1] .
Secondly, we systematically studied the general meson-meson scattering for those QCD-like theories. We constructed all the possible intermediate states and scattering channels in the general n flavour case, and calculated the general amplitude and scattering lengths for each channel up to the NNLO [2] .
We also calculated vector, axial-vector, scalar and pseudo-scalar two-point Green functions up to NNLO. Using these results, we also estimated the S-parameter contributing from pseudo-Goldstone-Boson [3] .
Our results are useful for people working in the Lattice computing for strong dynamics at TeV scale, where the analytic formula for chiral extrapolation is needed. These results are also helpful for studying the diquark condensate mechanism at finite Baryon density.
